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Introduction
Throughout this paper M shall denote a compact connected Riemann manifold of class Co. Let i2 = (P, Q; h) be the triple consisting of two points P and Q on M together with a homotopy class h of curves joining P to Q. We will refer to such triples as base points on M.
Corresponding to v = (P, Q; h) we define Md to be the set of all geodesics of minimal length which join P to Q and are contained in h.
There is an obvious map of the suspension of M,' into M: one merely assigns to the pair (s, t), s e M-; t e [0, 1], the point on s which divides s in the ratio t to 1 -t. (For fixed small t > 0, this map is 1 to 1 on M" and serves to define a topology on M>.) The induced homomorphism of wk,(MV) into 7krl(M) will be denoted by v*.
Let s be an arbitrary geodesic on M from P to Q. The index of s, denoted by X(s), is the properly counted sum of the conjugate points of P in the interior of s. We write I I I for the first positive integer which occurs as the index of some geodesic from P to Q in the class h. In terms of these notions our principal result is the following theorem. Notice that I v I tends to oo with n at each step of these sequences. On the other hand it is well known that for each of the symmetric spaces involved, Wk becomes independent of n > k. ( We will indicate these stable values of Wrk by dropping the subscript n and using bold face type. The groups 7k(U) are 0, Z for k = 0, 1. Hence 0, Z is the period of 11*(U). In the case of Sp, one has the groups 0, 0, 0, Z, for k = 0, 1, 2, 3 respectively. For 0 these first four groups are Z2, Z2 0, Z. Hence the period of wr(0) is Z2, Z2, 0, Z, 0, 0, 0, Z. Applying ( The formulas (1.5) to (1.7) were already announced in [4] . The unitary groups were discussed by a different method in [5] , where the unstable group r2B{U(n)} was also evaluated as Z/n!Z. index k in the range a <f < b, a <f(p) < b. Let N-respectively Nb be the sets f a and f < b on N. The assertion is, that then Nb is obtained from N" by attaching a k-cell, e,, to Na. In symbols, Nb = Na U ek. (This point of view is also emphasized in notes by Pitcher [9] , and R. Thom [12] .)
To prove our theorem this interpretation of the Morse theory is first extended in two ways:
(A) The loopspace problem is reduced to the manifold problem.
(B) The notion of nondegeneracy is extended.
Thereafter it is shown that on a symmetric space the critical sets in the loopspace are nondegenerate for every choice of a base point.
The step (A) is already essentially contained in Morse [8] ; while the notion of a nondegenerate critical manifold (step B) was introduced in
The final step follows easily from the results of [6] .
It is clear from this rough plan of the proof that considerable reviewing of more or less known material will be necessary to make the account intelligible. Because the theory of a nondegenerate function on a smooth manifold is by now well known, while some mystery still seems to hang over Morse's extension of this theory to loop spaces, we will review step (A) in greater detail than the other two steps.
Review of the Morse theory. A reduction theorem
Let -e (P, Q) be any two points of M. The space of paths from P to Q on M is denoted by !I2.M and is defined as follows:
The points of Q2,M are the piecewise differentiable maps c: [0,1]->M which are parametrized proportionally to are length, take 0 into P, and map 1 onto Q. The distance between two points c and c' in f2,, M is given by:
where p is the metric on M, and J denotes the length function on t2,, M.
The advantage of this definition of QMijI is that J(c), the length of c, is a continuous function of &2,,M. On the other hand t2,,M is not complete.
If a is a real number, the subset of Q,,.M on which J < a, is denoted by 21AM, and is referred to as a half space of 72,LM. Such a half space is called regular if f2aM contains no geodesic of length a.
Let F be a continuous real valued function on a compact manifold N. The set {x e N; F(x)<a} will be denoted by FaN, or just Na if the function is understood, and is also called a half-space for F on N. The halfspace is called regular if F is of class Co in some neighborhood of FaN, and if F has no critical points at the level a. (In other words dF(x) 0 if
The aim of this section is to show that every regular half space of &,M, is of the same homotopy type as a regular half-space of a manifold.
It turns out that if one steers a middle course between Morse and
Seifert and Threlfall such a "model" for &2aM is easily constructed. We have just defined 12,,M according to Seifert and Threlfall; for the rest we follow, in spirit at least, Morse's account of thirty years ago.
Let pm: Mn-OR, be the function from the nWI cartesian product of M with itself, which assigns to (x) = (x1, *--, Xn) the number:
Pn(x) = p2(P, x) + p2(x1, x2) + ---p(Xn, Q).
were p(x, y) denotes the distance between x and y on M, as before. PROOF OF (2.1). There exists a number p3 > 0 such that two points of MkE with distance less than P have a unique shortest geodesic joining them. This shortest geodesic then varies smoothly with the end points, in particular p2(x, y) is a Co function of x and y as long as p(x, y) < p.
Suppose now that n is chosen so large that: The homotpy A, assigns to x the point {c(aT)} where c = i(x). Clearly the a, vary continuously with x for x e MI, so that A, is a proper homotopy.
It remains to be checked that A. keeps MAI invariant. For this purpose it is sufficient to prove that p(Avx) < p(x); 0 < z ? 1.
Let J(x) be the length of ,8(x), and set 8i = J(x) (a, -ai-J. Thus 8i = J(x), while By',+138--p(x). We also write {xa} for the co- The statement (2.1) has a refinement which will be formulated next.
Its purpose is to relate certain geometric properties of the geodesics in fsaM with the critical points of q on Mb . Recall first the notion of the index of a critical point. If p is a critical point of the smooth function jp on the manifold N, the Hessian of p, denoted by H,,cp, is the bilinear symmetric function on the tangent space Np of N at p, which in terms of local coordinates is defined by Hp(a/ax,, a/axe) =a2p/a9X ,5x. The index of p as a critical point of y) is by definition the dimension of a maximal subspace of N, on which the Hessian is negative definite. This integer is denoted by X\(p). Finally we briefly review the notion of a conjugate point on a geodesic. For details the reader is referred to [8] and [6] . To prove our theorem it is therefore sufficient to establish (2.2) and the equality of \<(p) with X,(p). PROOF OF (2.2). If s is a geodesic segment of fItM then 1 o 0a(s) =s.
Hence a imbeds this set of curves in M*, and it remains to identify the critical points of p on this set. Let x e M4, let X be a tangent vector to Mn at x, and consider the derivative Xp of (p in the direction X. The point x is critical if and only if Xp = 0 for all X in the tangent space at x. Suppose that x has the coordinates (x1, --*, x,) and that X has the corresponding components (X1, *--, Xn) in the natural product structure of the tangent space to Mn at x. Let si denote the geodesic segment from xi to x,+1, where we now set Xo =P, xn+1 = Q, and let so, respectively s be the unit tangent vector of si, at xi,, and x,. By the well known first variation formula: 
Review of the Morse Theory. The nondegenerate case
The classification of critical points according to index and nullity has topological implications which are usually expressed by the Morse inequalities. Actually however this "homology formulation" is proved by homotopy arguments. It is better therefore to state these implications in the language of CW-complexes [13] . In this manner homology consequences are easily accessible while the homotopy implications are not lost. (See [9] and [12] .) An immediate consequence of (3.2) is that Af(p) is a constant on V.
This integer is the index of V, and is written X V). If V reduces to a point, H1,f is non-singular by the condition (3.2) . The present notion therefore generalizes the classical definition of a nondegenerate critical point.
Let V be a nondegenerate critical manifold of f on Na. We define the negative bundle, T,, over V in the following manner.
Let a Riemannian structure be defined on N. At each point p e V the form HJf then uniquely determines a linear self-adjoint transformation T, on the tangent space of N at p, by the formula, The fiber of t, therefore has dimension Xf( V). If Xf (V)=0, we set t, equal to V. The bundle E, is independent of the Riemannian structure used. This attaching construction has the following elementary properties: where t, is the negative bundle of f along V.
Immediate consequences in homotopy, [13] , are: COROLLARY 1. Under the assumptions of (3.7): REMARKS. In [2] we derived (3.10) with G specialized to Z2. In this paper we will need only (3.9) but it seemed to me that (3.7) summarizes the situation better than any of the other versions. Remark that (3.10)
implies (3.9) if Na is assumed to be simply connected. On the other hand If Na is triangulated, the attaching map of cell ek can be deformed into the (dim e, -1)-skeleton of Na. In this way Nb becomes a CWcomplex.
The case when V is a point, p, is completely treated in [10] . The present extension is best summarized by saying that what is done for a neighborhood of p in [10] can equally well be done in a normal neigh- (c) If A'1 c X,1 is the subset of X,1 on which n) o r(X) = 4te, then the pair (X,1f na, A,3 n a) is a deformation retract of (X,,, A,). By PoincareI duality one has further that (in the notation of (3.10)): From the second condition it follows that I,2=identity for every Pe M.
Another equivalent definition can be given in terms of the group of isometries of M. This group, which is known to be a compact Lie-group, will be denoted by G in the sequel. Using the fact that any two points of M can be joined by a geodesic one easily derives the following consequences of (5.3). In the sequel we assume M is a symmetric space with Kp the stability group of P e M. The e-components of groups will be denoted by a dash, e.g., Kp.
The action of Kp on M was discussed in [6] , and was shown to be variationally complete.
As a consequence the following is true: (see [6, chapter II].) the K cycle V, as defined in [6] . This is a manifold fibered over V with a section a: V -' F. One has a map of 1' K?, which transforms Ei into the normal bundle of a(V) in 1F. Thus F = I"' U Hi corresponds to KI = KI, U Hi and in P' the attaching map a* is always homologically trivial mod 2 (because Ei is the normal bundle of a section). If the fiber of r over V is orientable a* will also be trivial over the integers.
The simplest application of Theorem IV is obtained by considering (5.8) in dimension 0. Because n2,M is always connected for any base point v on M, (5.8) implies that M' is connected. This fact will also be apparent in the explicit computations of sections 7 and 8 which evaluate the integers I v I of Theorem II.
Before proceeding to the proof of this theorem we have to review the basic conjugacy theorems for symmetric spaces which make the explicit computations possible. This is done in the next section.
The roots of a symmetric space
In this section G is to be a compact connected Lie group, in a left and right invariant metric, which an involution A. The full fixed point set under A is denoted by K, while the e-component of K is written K'. (Note that K thus plays the role of K, in section 5.) Let g be the Lie algebra of G, and let -= f + III be the decomposition of g into the fixed point set of A, (this is t, the Lie algebra of K) and its orthogonal complement. Let ton be a maximal abelian subalgebra of m, and let b ID tm be a Cartan subalgebra of g.
Let r: G-+G be defined by: r(g) g-A(g-1). Then 7(gk) -(g) so that r, is constant along the left cosets of K and in this manner defines a map zjy,2: G/K-G. We also let M be the image of iit under the exponential map. Thus 11-ent. Then it is known [1] , [7] , that r, is a homeomorphism of G/K onto M. Further the natural action of K on G/K now translates into the adjoint action of K on G restricted to M. In the sequel we will therefore always think of the symmetric space GIK as the subset M c G.
Let Tm be the image of tm under the exponential map. This is'a torus in M which is geodesically imbedded. Any torus of this form is called a maximal torus of M, and its dimension is the rank of M.
We write W(G, K) or W(M) for the group of automorphisms of Tn which are induced by inner automorphisms of K'. The following are basic properties of maximal tori: (see [1] , [6] , [7] ) (6.1) If T and T' are two maximal tori of M, then there exists a k e K' so that T = kT'k-1. ( 1 ) The formula (6.6) is to be found in [6] , except for a factor 2 in the definition of the exponential map. This discrepancy is explained by the That this factor 2 could be done away with by considering M rather than GIK was pointed out to me by A. Borel.
( 2 ) We can find distinct non-trivial forms poiJ, i -1, m i', on lit such that each 0 e `(G) restricts to some ? pi on int. Such a system of forms is called a root system for M', and is denoted by 2;(M). For each This formula has the following geometric interpretation: Consider the set of planes on which one of the root-forms ap e N (G/K) has an integral value. Then X(x) counts how many of these planes the line-segment tx, 0 < t < 1, crosses, each crossing being counted by the appropriate multiplicity.
Finally, we recall the following facts: (6.8) Let A, be the lattice of those x e t)nt, for which the segment x(t) = etl, 0 < t < 1, represents a closed curve which is homotopic to zero in M. Then A, is generated by elements it, 'p) e :2(M), characterized by: t)l, is perpendicular to the plane p) = 0, and rp(f,) = 2 (6.9) The representation of W(M) on ntj is generated by the reflections in the planes 'p = 0 for 'p e L(M).
These propositions enable us to survey the possible indexes of elements in SM entirely in terms of the roots of G on ). Indeed, by (6.3) no generality is lost if we assume that the base-point -(P, Q; h) is of the form P= e; Q e Tnt. According to (5.1) the set SM will consist of the cllection CVVM of nondegenerate critical manifolds. If s is a geodesic of Ve G7(K--M, then V consists precisely of the set of geodesics ksk-' where k is in the subgroup of K' keeping Q fixed. Hence, by (6.1), (6.2) and (6.4), each V contains geodesics which lie on Tnt, and join e to Q.
Further two such geodesics lie in the same V precisely if they are conjugate under W(G, K).
We will adhere to the convention that if x e 1t)it, then x represents the In the next sections this proposition is applied to compute the values of LI I given in Theorem II, case by case.
Computations when M is a group
If the compact connected group G is to be considered as a symmetric space, M, we must, to follow our general procedure, consider M as the subset (g, g-'), g e G, in G x G. Then M = G, while kilt corresponds to the anti-diagonal in h x h. Thus in this case E(M) is a positive root system for G each root being counted with multiplicity 2. The group K then corresponds to G acting on M by the ad joint action.
In each case to be considered, we will choose orthogonal coordinates in 0t11, and so identify t)n with RI, the space of l-tuples of real numbers with the usual inner product ((x, y)= x, -y,, where xi, yi are the coordinates of x and y respectively). The form which assigns to x e RI its au"' coordinate will always be denoted by wlg. The exponential map then gives rise to a map RI --M, which will be denoted by p. We will define this map in each case, and then give the root-system of M as it is expressed by the forms ah. is equal to U(2n) and Kx = U(n) x U(n), whence V,, = U(2n)/U(n) x U(n). The points of x., + A, are of the form: x ={a, *--, a21} with a, e Z; E a, = n. Let b, < b, ---< b, be the different integers which occur among the {ai}, and assume that bk occurs nk times. Then according to (6.7):
2 , nXn(a -b -1) .
We conclude:
( 1 ) If x e x, + A*, with x(x) 0 then x is conjugate to x.a under W(M).
( 2 ) The next lowest value of X on x. + A* is 2(n + 1). Up to conjugation by elements of W(M) this value is taken on only at the points:
{0, *. ,0;0, 1,1,^...1,2} and {-1,0,0, ,, 1;1, Hence: (7.2) In this case, MA = V= U(2n)/U(n) x U(n), while I I 2(n + 1).
COROLLARY. The sequence (1.2) is a >-sequence. x,. Then Va = SO(2n)/U(n). By, (6.7) we see that X(x) = 0, x in x,, + A* implies x conjugate to x,, under W(M), while I v I is given by 2(n -1). In fact the index of { ? 1/2, 1/2, 1/2, ..-, 3/2} is precisely 2(n -1). Thus, (7.4) In this case MJ = SO(2n)/U(n), while I I I = 2(n -1). (7.5) The symplectic groups, M = Sp(n). Let U(n) c Sp(n) be a standard inclusion, and let p: Rn -+ Sp(n) be defined by the map Rn -; U(n) as in (7.1), (with n replaced by 2n) followed by the inclusion. Then: . Let E, be the matrix described in the last section. Then it is well known that the subgroup of U(4n) whose elements satisfy the identity UtE, U = E1, form the linear symplectic group Sp(2n) c U(4n). Let A be the automorphism of U(2n) which takes U into E1 UET1. (Here the bar denotes complex conjugation.) Then A2 is the identity, and because Ut = U-1, the subgroup of U(2n) fixed under A is precisely Sp(n). Let R2n R4n be the map: (8.4 ) (X, *.. X2n) -+ (Xi, * * * , X2n, Xi, * * * , X2n) .
Then this map followed by the map R4n __ U(4n) described in (7.1) describes p in this case. Restricting the forms of U(4n) according to (8.4) Further the image of p is a maximal torus of Sp(n) as is seen from (7.5) . This is therefore a case when lnm = t. If follows that the root system, L(M), identical with 1(Sp(n)), except that each root has multiplity 1. Thus E(M): Wd?W . 2wog 1 ? / a < /3 < n. 1 1 We chose x, as in (7.5), and v correspondingly. If follows that the endpoint of x,, is minus the identity, whence KPQ = U(n). The centralizer of xa must commute with j. Hence K., = 0(n). Thus Vx, = U(n)/O(n).
Using the results of (7.5) it follows that: (8.7) In this case Ml = U(n)/O(n) with I v 1 = (n + 1).
(8.8) The space M = U(2n)/0(2n). It is clear that here the automorphism in question is the complex conjugation. We let p: R2n __ U(2n) be defined precisely as in (7.1). We then see that this is again where fm = ). Thus 1(M): ad-Mob 1 < a < , < 2n.
We choose xa just as in (7.1), whence Vx= 0(2n)/O(n) x 0(n). By dividing the answer in (7.1) by 2, we finally obtain for I > I the integer (n + 1).
Thus: (8.9) In this case Mv = 0(2n)/O(n) x 0(n), and 1 v I = (n + 1). Now combining (7.6) with (8.7) and (8.9) we obtain the COROLLARY. The sequence (1.3) is a >-sequence.
This then completes the proof of Theorem II. It might be useful for later reference, to summarize the computations of the last two sections in terms of the suspension theorem of section 4. In this summary, the symbol X = Y U ek --will be interpreted to mean that X is obtained from Y by attaching cells of dimension > k. With this understood we have shown that: i2,,U(2n) U(2n)/U(n) x U(n) U e2,+2 *.. 
